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$\mathrm{C}^{*}$- Cuntz algebra bimodule
$([\mathrm{P}\mathrm{i}], [\mathrm{K}\mathrm{a}\mathrm{t}])$
$\mathrm{A}\mathrm{b}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{e}- \mathrm{E}\mathrm{i}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{S}- \mathrm{E}_{\mathrm{X}}\mathrm{e}1$ [AEE] [KPW] Hilbert
$\mathrm{C}^{*}$-bimodule covariant representation universal
C* C* bimodule algebra





bimodule algebra Toeplitz algebra $\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}_{\text{ }}$
$\mathrm{K}$ [Pi]
bimodule algebra C*
Bimodule algebra C* groupoid C*-
partial isomerty C*-
$\mathrm{K}\mathrm{K}$- Fredholm








$A,$ $B$ $\sigma$-unitl C*-
$E(A, B)=\{(E, \phi, F)\}$
1003 1997 94-103 94
$E$ countablly generated right graded Hilbert $\mathrm{C}^{*}$-module over
$B,$ $\phi$ $A$ $\mathrm{L}_{B}(E_{B})$ degree $0^{*}$-homomorphism, $F$ $\mathrm{L}_{B}(E_{B})$
degree 1 $[F, \phi(a)],$ $(F^{2}-I)\phi(a),$ $(F^{*}-F)\phi(a)$
$a\in A$ $\mathrm{K}_{B}(.E_{B})$
Kasparov module degree 1
$F=$
$\emptyset \mathrm{o}(a)-\phi 1(a)\in \mathrm{K}_{B}(E_{B})$
– $F=0$ $\phi_{i}(a)\in \mathrm{K}_{B}(E_{B})(i=0,1)$










$E(A, B)$ operator homotopy degenerate mod-




$*$- $E=B\oplus 0,$ $\phi$ $Aarrow B$




$E$ ( right Hilbert $B$-module $*$-homomorphism $\phi|Aarrow$
$\mathrm{K}_{B}(E_{B})$ $(E, \phi)$ appendix in [KPW]
Hilbert right A-B bimodule $E=E_{B},$ $\phi$ $A$
| $F=0$ Kasparov module KK-
$\mathrm{K}\mathrm{K}$ $A$ separable, $B$ $\sigma$-unital





Theorem 2 (Kasparov). bdinear map : $KK(A, D)\cross KK(D, B)arrow$
$KK(A, B)$
$(E_{1}, \phi 1, F_{1})$ $(E_{2}, \phi 2, F_{2})$ $E=E_{1}\otimes_{\phi_{2}}E_{2},$ $\phi=\phi 1\otimes\phi_{2}$
$E_{1}\otimes_{\phi_{2}}E_{2}$ $E_{1}$ $E_{2}$ inner tensor product
$F$ $F=F_{l}\#_{D}F_{2}$ Kasparov
product $0$
$F=F_{1}\otimes I$ $F=I\otimes F_{2}$
$x\in KK(A, D)$ $*$ - $f$ : $Aarrow D$
$E=E_{2},$ $\phi=\phi_{2}\circ f,$ $F=F_{2}$ $\alpha\in KK(A, D)$ ,
$\beta\in KK(D, A)$ bimodule inner tensor product
$\alpha$ $\beta$ Kasparov product $\alpha\otimes_{D}\beta$








$A$ $\sigma$-unital $\mathrm{c}*$- $E$ countablly generated Hilbert right
$A$-module $\phi$ $A$ $\mathrm{L}_{A}(x_{A})$ *-
$(E, \phi)$ right Hilbert A-A bimodule $\{\langle x, y\rangle_{A}|x,$ $y\in$
$X\}$ $A$ $E$ full
full $E$ functorial C*-
$(F, \psi)$ right Hilbert A-A bimodule
$\forall\xi\in E$ $T_{\xi}\in L_{A}(F, E\otimes_{\psi}F)$
$T_{\xi}(\eta)=\xi\otimes\eta$ $\eta\in F$
creation operator
right $A$-module adjoint $T_{\xi}^{*}\in \mathrm{L}_{A}(E\otimes_{\psi}F, F)$
$T_{\xi}^{*}(\zeta\otimes\eta)=\psi(\langle\xi, \zeta\rangle_{A})\eta$
annilation operator $\xi\otimes,$ $\zeta^{*}\in \mathcal{K}(E)\subset$
$\mathrm{L}_{A}(E)$
$(\xi\otimes\zeta^{*})(\gamma)=\xi\langle\zeta, \gamma\rangle_{A}$
one rank operator $||T_{\xi}||^{2}=||\psi(\langle\xi,\xi\rangle_{A})\cdot||$
$\psi$ $T$ isometric
$E^{\otimes 0_{=A,EE=E}\otimes}\otimes\phi,$$E\otimes\phi 2E\otimes_{\emptyset}E=E\otimes 3$ $E^{\otimes n}$
Hilbert right A-A bimodule countablly
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generated $\oplus_{n=0^{t}}^{fi}ineE^{\otimes}n$ $A$ $\mathcal{E}_{+}$
Fock Hilbert space Fock Hilbert module





$M(\mathcal{E}_{+})$ $\mathrm{L}_{A}(\mathcal{E}_{+})$ $J(\mathcal{E}_{+})$ multiplier $T_{\xi}\in$
$M(\mathcal{E}_{+})$
Definition 3. $\mathrm{L}_{A}(\mathcal{E}_{+})$ $\{T_{\xi} : \xi\in E\}$ $\mathrm{C}^{*}-$
$E$ Toeplitz algebra $M(\mathcal{E}_{+})/J(\mathcal{E}_{+})$
quotient image $O_{E}$ $E$ bimodule
algebra $T_{\xi}$ $O_{E}$ $S_{\xi}$
Bimodule algebra
$E$ universal covariant representation C*-





– $\mathrm{L}_{A}(E^{\otimes k})$ $\mathrm{L}_{A}(\mathcal{E}_{+}),$ $\mathrm{L}_{A}(\mathcal{E}_{+})/J(\mathcal{E}_{+})$
Proposition 4. $\mathcal{O}_{E}$
1. $S_{\xi}^{*s_{\zeta}=\langle\xi},$ $\zeta\rangle_{A}.\cdot$
2. $S_{\zeta}S_{\xi}^{*}=\zeta\otimes\xi\in K(E)$ $S_{\zeta_{1}\zeta_{n}}\ldots SS\epsilon_{1}*\ldots S^{*}\xi_{n}=(\zeta_{1}\otimes\cdots\otimes\zeta_{n})\otimes$
$(\xi_{1}\otimes\cdots\otimes\xi_{n})*\in K(E^{\otimes n})$
3. $S_{\xi}a=S_{\xi a}$ , $aS_{\xi}=S_{\phi(a)\xi}$
4. $TS_{\xi}=S_{T(\xi)}$ $\forall\xi\in E,$ $T\in \mathrm{L}_{A}(E)$
Toeplitz algebra $\mathcal{T}_{E}$ bimodule algebra $\mathcal{O}_{E}$
universality
Theorem 5 (Pimsner). $(E, \phi)$ full Hilbert right A-A bimodule
$E$ Toeplitz algebra $B$ -algebra
$\sigma|Aarrow B$
$*$-homomorphism $\{t_{\xi}\}_{\xi\in E}\subset B$
1. $\alpha t_{\xi}+\beta t_{\zeta}=t\alpha\xi+\beta t_{\zeta}$
2. $t_{\xi}\sigma(a)=t_{\xi a}$ $\sigma(a)t_{\xi}=t_{\phi(a)}\xi$




$(\xi_{1}\otimes\xi_{2^{\otimes}}\cdots\otimes\xi n)\otimes(\zeta_{1^{\otimes}}\zeta_{1^{\otimes\cdots\otimes\zeta)}}n*arrow t_{\xi_{1}}t_{\xi 2}\cdots t\xi_{n}t^{*}\xi n\ldots\xi_{2}\xi t*t^{*}1$
{ $\mathcal{K}(E^{\otimes n})$ $B$ $*$-homomorphism $\sigma^{(n)}$
Theorem 6 (Pimsner). $(E, \phi)$ full Hilbert right A-A bimodule
$O_{E}$ $(E, \phi)$ Pimsner algebra $B$
$\sigma$ : $Aarrow B$ $\{t_{\xi}\}_{\epsilon\in E}$
1. $\alpha t_{\xi}+\beta t_{\zeta}=t_{\alpha\xi+\beta\zeta}$
2. $t_{\xi}\sigma(a)=t_{\xi a\prime}$ $\sigma(a)t\xi=t\emptyset(a)\xi$
$3$ . $t_{\xi}^{*}t_{\zeta}=\sigma(\langle\xi, \zeta\rangle_{A})$
4. $\sigma^{(1)}\phi(a)=\sigma(a)$ , $\forall a\in I$




$\mathcal{T}_{E}arrow \mathcal{O}_{E}$ kernel $\mathcal{K}_{A}(E)=\mathrm{L}_{A}(E)$ finite
type $\phi$ $\mathcal{K}(E)$
$\phi(A)\subset \mathcal{K}(E)$
$I=\phi^{-1}(\mathcal{K}(E))$ $I$ $A$ closed two sided
ideal $\{0\}$ $\mathcal{E}_{+,I}=\{\zeta\in \mathcal{E}_{+}|\langle\zeta, \zeta\rangle A\in I\}$
$\mathcal{K}(\mathcal{E}_{+,I})=\{\sum\xi\otimes\zeta^{*}|\xi, \zeta\in \mathcal{E}_{+},I\}^{-}$
Theorem 7 (Pimsner). $(E, \phi)$ full Hilbert right A-A bimodule
exact sequence
$\{0\}arrow \mathcal{K}(\mathcal{E}_{+,I})arrow \mathcal{T}_{E}arrow O_{E}arrow\{0\}$
$O_{E}$ universality
$Q_{0}=I- \sum^{\infty}T\xi_{i}\tau i=1\xi_{i}*$
$\mathcal{E}_{+}$ $A$ Fock Hilbert
space vacume vector 1





$A$ 1 $E$ finitely generated
$\sum_{i=1}^{k}\xi i\otimes\xi_{i}^{*}=1$
$\sum_{i=1}t_{\epsilon_{i}}t_{\epsilon_{i}}^{*}=\sigma(1)$
$O_{E}$ Universality (4) $Q_{0}$
$0$
$Q\mathrm{o}$ $0$
Fock Hilbert module finite rank operator
$0$
$\mathcal{E}_{+}$ finite rank operator $T_{\xi_{1}}T\xi_{2}\ldots T\epsilon_{l}Q\mathrm{o}T^{**}\ldots T\xi k\xi 1$
– ‘ $\dot{J}\in I$
$jQ\mathrm{o}$
$(\xi_{1}\otimes\cdots\otimes\xi\iota)i1\otimes j_{2}^{*}(\zeta_{1}\otimes$
\otimes \mbox{\boldmath $\zeta$}k)*\in \tau $(\xi_{1}\otimes\cdots\otimes\xi_{l})$ $(\zeta_{1}\otimes\cdots\otimes\zeta_{k})$
$j_{1},$ $j_{2}\in I$ one rank operator
K(E+ $I$ approximate unit $\mathcal{K}(\mathcal{E}_{+,I})$
$\mathcal{T}_{E}$ 1 kernel
$t_{\xi}\in \mathcal{T}_{E}/\mathcal{K}(\mathcal{E}_{+,I})$ $T_{\xi}$ quotient image
$O_{E}$ universality (1), (2),(3) $,(\mathit{4})$
$\mathcal{T}_{E}/\mathcal{K}(\mathcal{E}_{\mathcal{E}})+,I\simeq \mathit{0}_{E}$
kernel $O_{E}$ universality
Corollary 8. $\phi(A)\mathrm{n}\mathcal{K}(E)=\{0\}$ $O_{E}\simeq \mathcal{T}_{E}$
$\mathit{0}_{\infty}$ Toeplitz algebra
4. $\mathrm{K}$






Proposition 9 (Pimsner). $\mathcal{T}_{E}$
.
$A$ ( $KK$-equivalent
$\alpha\in KK(A, \tau_{E}),$ $\beta\in KK(\mathcal{T}_{E}, A)$ $\alpha\otimes_{\mathcal{T}_{E}}\beta=$
$id_{A},$ $\beta\otimes_{A}$ \alpha =id
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Definition 10. $\alpha\in KK(A, \mathcal{T}_{E}).?\text{ }$ inclusion $i:A\subset$
$E=\mathcal{E}_{+}\oplus \mathcal{E}_{+}$ Hilbert right A-A bimodule
$T=$




$\pi=\pi_{0}\oplus\pi_{1}$ $(\mathcal{E}_{+}\oplus \mathcal{E}_{+}, \pi, \tau)$ Kasparov module
$\beta$ module $KK(\mathcal{T}_{E}, A)$
$\alpha\otimes_{\mathcal{T}_{E}}\beta=[(\mathcal{E}_{+}\oplus \mathcal{E}_{+}, \pi\circ i, T)]$
$i$ pull back
$\pi_{0}\circ i$ $A$ $\mathcal{E}_{+}$ $\pi_{1}\circ i=$
$(1-Q_{0})\pi_{0^{\circ}}i$ bimodule $l\mathrm{h}A\oplus A$ $(\oplus_{1}^{\infty_{E^{\otimes n}}})\oplus(\oplus_{1}^{\infty_{E^{\otimes n})}}$
$(1_{A}, 0)\simeq 1_{A}$ $T$
degenerate module $\alpha\otimes_{\mathcal{T}_{E}}\beta=1A$
$\beta\otimes_{A}\alpha$ $((\mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E})\oplus(\mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E}), (\pi_{0}\otimes 1)\oplus(\pi_{1}\otimes$
1), $T\otimes 1$ ) $\pi_{1}\otimes 1$ $\simeq A\otimes_{i}\mathcal{T}_{E}\subset \mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E}$
$\beta\otimes_{A}\alpha-1\mathcal{T}_{E}=[(\mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E})\oplus(\mathcal{E}_{+}\oplus_{i}\mathcal{T}_{E}), (\pi 0\otimes 1)\oplus\pi_{1}’, \tau\oplus 0)]$





$t\in \mathcal{T}_{E}\simeq A\otimes_{i}\tau_{E}\subset \mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E}$ $\xi\otimes t\in E\otimes \mathcal{T}_{E}\subset \mathcal{E}_{+}\otimes_{i}\mathcal{T}_{E}$
degree 1 $0$ $\tau_{0}(T_{\xi}),$ $\mathcal{T}_{1}(T_{\zeta})$ ,
$(\pi_{1}\otimes 1)(\tau_{\mu})$ range $(\cos(\pi/2)t)\mathcal{T}_{0}(\tau_{\xi})+$
$(\sin(\pi/2)t)_{\mathcal{T}_{1}}(\tau\xi)+(\pi_{1}\otimes 1)(\tau_{\xi})$ universality
$(\pi_{0}, \pi_{1})$ $(\pi_{0}, \pi_{0})$ homotopy
$\phi_{A}(A)\mathrm{n}\mathcal{K}(E)=\{0\}$ $A\subset O_{E}$ $\mathrm{K}\mathrm{K}$-equivalence
$(E,.\phi, 0)$ $KK(I, A)$ class $[E]$
.
Proposition 11 (Pimsner). $[\mathcal{E}_{+,I}]\in KK(\mathcal{K}(\mathcal{E}+,I),$ $I)$ Morita equiv-
alence module $[j]\in KK(\mathcal{K}(\mathcal{E}_{+},I),$ $\tau_{E})$ $\mathcal{K}(\mathcal{E}_{+,I})\subset \mathcal{T}_{E}$ inclu-





$j$ { $*$-homomorphism $[j]\otimes_{\mathcal{T}_{B}}\beta$
$\beta$ pull back $(\mathcal{E}+\oplus \mathcal{E}+, \pi \mathrm{O}j, T)$ $\pi \mathrm{o}j(\mathcal{K}(\mathcal{E}+,I))$
operator homotopy $Tarrow \mathrm{O}$
$T=0$ bimodule part $\mathrm{K}\mathrm{K}$
$(\mathcal{E}_{+}\oplus(1-Q_{0})(\mathcal{E}+), \pi_{0}\mathrm{o}j\oplus\pi 1\mathrm{o}j, \mathrm{o})=(\mathcal{E}_{+}, \pi_{0^{\mathrm{O}}}j, 0)-((1-Q\mathrm{o})(\mathcal{E}+), \pi 1\mathrm{o}j, \mathrm{o})$
$\pi_{0^{\circ}}i$ $\mathcal{K}(\mathcal{E}_{+,I})$ ‘(l-Q0)E+\simeq E+\otimes AE
$\mathcal{K}(\mathcal{E}_{+,I})$ $\text{ }\mathcal{K}(\mathcal{E}+,I)\mathcal{E}+$ degenerate
essential subspace $\mathcal{E}_{+,I}$ homotopy
essential subspace $KK(\mathcal{K}(\mathcal{E}+,I),$ $A)$
( $[\mathcal{E}_{+}\otimes_{A}E]=[\mathcal{E}_{+,1}\otimes_{1}E]$
$[(\mathcal{E}_{+}, \pi_{0}\circ j, 0)]=[(\mathcal{E}+,I^{\otimes_{i}}IA), id\otimes 1, \mathrm{o}]$
$=[\mathcal{E}_{+,I}]\otimes I[i_{I}]$
-





$0arrow \mathcal{K}(\mathcal{E}_{+,I})arrow \mathcal{T}_{E}arrow O_{E}arrow 0$
6-term exact seqence
$K_{0}(\mathcal{K}(\mathcal{E}_{+},I))arrow$ $\mathcal{T}_{E}$ $arrow I\mathrm{f}_{0}(o_{E})$
$\delta\uparrow$ $\downarrow\delta$
$K_{1}(\mathcal{O}_{E})$ $arrow K_{1}(\mathcal{T}_{E})arrow K_{1}(\mathcal{E}_{+,I})$
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$\mathrm{K}\mathrm{K}$-equivalence
$K_{0}(I)$ $arrow[i_{I}]-[E]K_{0}(A)$ $arrow^{\check{l}_{*}}$ $K_{0}(\mathcal{O}_{E}$
$\delta\uparrow$
$\downarrow\delta$
$K_{\iota}(OE)$ $arrow i_{*}- I\mathrm{i}_{1}^{r}(A)arrow^{\mathrm{J}}[i_{I}]-[E$ $I_{1_{1}}^{\nearrow}(I)$
sequence Pimsner-Voiculescu
$\mathrm{Z}$ Cuntz Cuntz algebra, Cuntz-Krieger algebra. Exel
partial action crossed product $\mathrm{c}*$- K-
5.
Example 5.1 (Cuntz algebra). Cuntz
algebra $O_{n}$ $E=\mathrm{c}\mathrm{C}^{n}\mathrm{c}$ Toeplitz
algebra $O_{E}$ ( Cuntz algebra $\mathrm{C}\otimes \mathrm{c}\mathrm{C}^{n_{\mathrm{C}}}=$
$\mathrm{C}^{n}\mathrm{C}$ $[E]$ Kasparov $K_{0}(\mathrm{C})\simeq$
$\mathrm{Z}$
$n$





$E=\mathrm{c}^{l^{2}}\mathrm{C}$ $\mathcal{O}_{E}$ $\mathcal{O}_{\infty}$ $(\mathrm{C}\cdot I)\mathrm{n}\mathcal{K}(l2)=$
$\{0\}$ $\mathcal{T}_{E}=O_{E}$ $\mathrm{C}$ $\mathrm{K}\mathrm{K}$-equivalent
$\mathrm{A}^{\nearrow}0(o_{\infty})\simeq \mathrm{z},$ $K_{1}(o\infty)=\{0\}$
Example 5.2 (finitely generated Cunz-Krieger algebra). $E=E_{B}$
$E$ $B$ $\mathrm{C}^{*}$ - $B$
$\mathcal{K}_{B}(E_{B})$ $B$
$B\subset \mathcal{K}_{B}(E_{B})$ $B$ $\mathcal{K}_{B}(E_{B})$ center
$0$ $A$ 1 1
$A$ $0$ 1 $\mathcal{O}_{E}$ Cuntz-Krieger
algebra $O_{A}$ $\mathrm{K}$- ${}^{t}A$
Example 5.3 ( ). $A$ $\mathrm{c}*$- $\alpha$ $A$
$E=A$ $\langle x, y\rangle_{a}=xy*$ Hilbert right $A$ module
$\phi(a)_{X}=\alpha(a)x$ $O_{E}$
Pimsner-Voiculescu exact sequence $i-\alpha_{*}$
partial action [Ex] bimodule
[AEE]
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Example 5.4 ( ). $\Omega_{1}$ $n$ $\Omega_{2}$
$[\mathrm{K}\mathrm{u}]_{0}A=C(\Omega_{1})$ right Hilbert $A$-module $E$
$\Omega_{1}$ $\Omega_{2}$ path $E$
left A-module $O_{E}$ K-
$\mathrm{p}$ Bunce-Deddense algebra
$([\mathrm{B}\mathrm{D}])$ endomorphsm crossed product $([\mathrm{P}\mathrm{a}])$
6.
Bimodule algebra
([KPWI, [MS]) finite type bimodule
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